Abstract: Using non-minimal pure spinor superspace, Cederwall has constructed BRSTinvariant actions for D = 10 super-Born-Infeld and D = 11 supergravity which are quartic in the superfields. But since the superfields have explicit dependence on the non-minimal pure spinor variables, it is non-trivial to show these actions correctly describe super-BornInfeld and supergravity. In this paper, we expand solutions to the equations of motion from Cederwall's actions to leading order around the linearized solutions and show that they correctly describe the interactions of D = 10 super-Born-Infeld and D = 11 supergravity.
Introduction
Pure spinors λ α in ten and eleven dimensions have been useful for constructing vertex operators and computing on-shell scattering amplitudes with manifest spacetime supersymmetry in super-Yang-Mills, supergravity and superstring theory [1] [2] [3] [4] . After including non-minimal variables (λ α , r α ), pure spinors have also been useful for constructing BRSTinvariant off-shell actions for these maximally supersymmetric theories [5] [6] [7] .
These BRST-invariant actions have a very simple form and were constructed by Cederwall using superfields Ψ(x m , θ α , λ α ,λ α , r α ) which transform covariantly under spacetime supersymmetry and depend on both the usual superspace variables (x m , θ α ) and the non-minimal pure spinor variables (λ α ,λ α , r α ). Although the actions require a nonsupersymmetric regulator to define integration over the non-minimal pure spinor variables, it is easy to show that the supersymmetry transformation of the regulator is BRST-trivial so the action is spacetime supersymmetric.
However, since the superfields Ψ can depend in a non-trivial manner on the non-minimal variables, it is not obvious how to show that the solutions to the equations of motion correctly describe the usual on-shell D = 10 and D = 11 superfields which depend only on the (x m , θ α ) superspace variables.
In this paper, an explicit procedure will be given for extracting the usual on-shell D = 10 and D = 11 superfields from the equations of motion of the pure spinor actions for the cases of D = 10 supersymmetric Born-Infeld and for D = 11 supergravity. This procedure will be given explicitly to first order in the coupling constant in these two actions, but it is expected that the procedure generalizes to all orders in the coupling constant as well as to other types of actions constructed from pure spinor superfields 1 .
The procedure consists in using BRST cohomology arguments to define a unique decomposition of the on-shell pure spinor superfield Ψ(x m , θ α , λ α ,λ α , r α ) into the sum of two terms as
whereΨ(x m , θ α , λ α ) is independent of the non-minimal variables and Λ is constructed from the superfields inΨ and the non-minimal variables. SinceΨ will have a fixed ghost number g (g=1 for D = 10 super-Born-Infeld and g = 3 for D = 11 supergravity), it can be expanded asΨ = λ αÃ α (x, θ) orΨ = λ α λ β λ γC αβγ (x, θ), and it will be shown to first order in the coupling constant thatÃ α (x, θ) andC αβγ (x, θ) correctly describe the on-shell spinor gauge superfield of D = 10 super-Born-Infeld and the on-shell spinor 3-form superfield of D = 11 supergravity.
We expect it should be possible to generalize this procedure to all orders in the coupling constant and to other types of pure spinor actions, but there is an important issue concerning these pure spinor actions which needs to be further investigated. If the superfields Ψ in these actions are allowed to have poles of arbitrary order in the non-minimal pure spinor variables, the cohomology arguments used to define the on-shell superfields become invalid. This follows from the well-known property of non-minimal pure spinor variables that one can construct a state ξ(λ,λ, θ, r) satisfying Qξ = 1 if ξ is allowed to have poles of order λ −11 in D = 10 or poles of order λ −23 in D = 11. And if ξ is allowed in the Hilbert space of states, all BRST cohomology becomes trivial since any state V satisfying QV = 0 can be expressed as V = Q(ξV ).
So in order for these actions to correctly describe the on-shell superfields, one needs to impose restrictions on the possible pole dependence of the superfields Ψ. But since the pole dependence of the product of superfields can be more singular than the pole dependence of individual superfields, it is not obvious how to restrict the pole dependence of the superfields in a manner which is consistent with the non-linear BRST transformations of the action.
1 A similar procedure was used by Chang, Lin, Wang and Yin in [8] to find the on-shell solution to abelian and non-abelian D = 10 supersymmetric Born-Infeld. We thank Martin Cederwall for informing us of their work after the first version of our preprint was submitted.
In section 2 of this paper, the D = 10 pure spinor superparticle and the pure spinor actions for D = 10 super-Maxwell and super-Yang-Mills will be reviewed. And in section 3, these actions will be generalized to abelian D = 10 supersymmetric Born-Infeld constructed in terms of a non-minimal pure spinor superfield Ψ. The super-Born-Infeld equations of motion take the simple form
where k is the dimensionful coupling constant andχ α andF mn are operators depending in a complicated manner on the non-minimal variables. After expanding Ψ in powers of k as Ψ = ∞ i=0 k i Ψ i , one finds that Ψ 0 satisfies the equation QΨ 0 = 0 with the super-Maxwell solution Ψ 0 = λ α A α (x, θ), and Ψ 1 can be uniquely decomposed as
and χ α and F mn are the linearized spinor and vector field-strengths constructed from the super-Maxwell superfield in Ψ 0 . It is straightforward to show that (1.2) correctly describes the first-order correction of Born-Infeld to the super-Maxwell equations. In section 4 of this paper, the D = 11 pure spinor superparticle and the pure spinor action for linearized D = 11 supergravity will be reviewed. And in section 5, this action will be generalized to the complete D = 11 supergravity action constructed in terms of a non-minimal pure spinor superfield Ψ. The supergravity equations of motion take the form
where κ is the dimensionful coupling constant and R a and T are operators depending in a complicated manner on the non-minimal variables. After expanding Ψ in powers of κ as Ψ = ∞ i=0 κ i Ψ i , one finds that Ψ 0 satisfies the equation QΨ 0 = 0 with the linearized supergravity solution Ψ 0 = λ α λ β λ γ C αβγ (x, θ), and Ψ 1 can be uniquely decomposed as
whereΨ 1 satisfies
and Φ a ≡ λ α E (0)P αÊP a (x, θ) is constructed from the linear deformation of the supergravity supervielbein and the background value of its respective inverse. It is straightforward to show that (1.4) correctly describes the first-order correction to the linearized supergravity equations. Finally, Appendices A and B will contain some useful gamma matrix identities in D = 10 and D = 11, and Appendix C will explain the relation of the D = 11 supergravity superfields Ψ and Φ a .
Ten-dimensional Pure Spinor Superparticle and Super Yang-Mills
In this section we will review the pure spinor description for the ten-dimensional superparticle and its connection with ten-dimensional super-Maxwell. We will then discuss the generalization to the non-abelian case.
D = 10 Pure spinor superparticle
The ten-dimensional pure spinor superparticle action is given by [2, 10] 
where X m is a ten-dimensional coordinate, θ µ is a ten-dimensional Majorana-Weyl spinor, λ µ is a bosonic ten-dimensional Weyl spinor satisfying λγ m λ = 0; and P m , p µ , w µ are the conjugate momenta relative to X m , θ µ , λ µ respectively. We are using Greek/Latin letters from the middle of the alphabet to denote ten-dimensional Majorana-Weyl spinor/vector indices. Furthermore, (γ m ) µν and (γ m ) µν are 16 × 16 symmetric real matrices satisfying
The BRST operator is given by
where d µ = p µ − (γ m θ) µ P m are the fermionic constraints of the D = 10 Brink-Schwarz superparticle [11] . The physical spectrum is defined as the cohomology of the BRST operator Q 0 . One can show that the ten-dimensional super-Maxwell physical fields are described by ghost number one states: Ψ = λ µ A µ . This can be easily seen since states in the cohomology satisfy the equation of motion and gauge invariance
where
These are indeed the superspace constraints describing tendimensional super-Maxwell. It can be shown that the remaining non-trivial cohomology is found at ghost number 0, 2 and 3 states; describing the super-Maxwell ghost, antifields and antighost, respectively, as dictated by BV quantization.
D = 10 Super-Maxwell
In order to describe D = 10 super-Maxwell (2.3) from a well-defined pure spinor action principle, one should introduce non-minimal pure spinor variables [12] . These non-minimal variables were studied in detail in [13] and consist of a pure spinorλ µ satisfyingλγ mλ = 0, a fermionic spinor r µ satisfyingλγ m r = 0 and their respective conjugate momentaw µ , s µ . The non-minimal BRST operator is defined as Q = Q 0 + r µw µ , so that these non-minimal variables will not affect the BRST cohomology. This means that one can always find a representative in the cohomology which is independent of non-minimal variables.
Note that it will be assumed that the dependence on the non-minimal variables of the states is restricted to diverge slower than (λλ) −11 when λ µ → 0. Without this restriction, any BRST-closed operator is BRST-trivial since Q(ξV ) = V where ξ ≡ (λλ + rθ) −1 (λθ). Since the gauge transformation δΨ = QΛ of super-Maxwell is linear, this restriction is easy to enforce by imposing a similar restriction on the gauge parameter Λ. However, for the non-linear gauge transformations discussed in the following sections for the super-YangMills, supersymmetric Born-Infeld, and supergravity actions, it is unclear how to enforce this restriction. We shall ignore this subtlety here, but it is an important open problem to define the allowed set of states and gauge transformations for Ψ and Λ in these nonlinear actions.
Let S SM be the following pure spinor action
[dr]N is the integration measure, Ψ is a pure spinor superfield (which can also depend on non-minimal variables) and Q is the non-minimal BRSToperator. 
where the Lorentz-invariant tensors ( T ) µνρ σ 1 ...σ 11 and ( T −1 ) µνρ σ 1 ...σ 11 were defined in [13] . They are symmetric and gamma-traceless in (µ, ν, ρ) and are antisymmetric in [σ 1 , . . . , σ 11 ]. N = e −Q(λθ) = e (−λλ−rθ) is a regularization factor. Since the measure converges as λ 8λ11 when λ → 0, the action is well-defined as long as the integrand diverges slower than λ −8λ−11 .
One can easily see that the equation of motion following from (2.4) is given by
and since the measure factor [dZ] picks out the top cohomology of the ten-dimensional pure spinor BRST operator, the transformation δΨ = QΛ is a symmetry of the action (2.4). Therefore, (2.4) describes D = 10 super-Maxwell.
D = 10 Super Yang-Mills
Let us define S SY M to be
where [dZ] is the measure discussed above, Ψ is a Lie-algebra valued generic pure spinor superfield, Q is the non-minimal BRST operator and g is the coupling constant. For SU (n) gauge group, expand Ψ in the form: Ψ = Ψ a T a , where T a are the Lie algebra generators and a = 1, . . . , n 2 −1. Using the conventions: [T a , T b ] = f abc T c with f abc totally antisymmetric, and T r(T a T b ) = δ ab , one can rewrite (2.7) as follows
The e.o.m following from this action is given by:
or in compact form
It turns out that (2.9) is invariant under the BRST symmetry
Since the equations (2.10), (2.12) describe on-shell D = 10 Super Yang-Mills on ordinary superspace [10] , one concludes that the action (2.7) describes D = 10 Super Yang-Mills on a pure spinor superspace.
Pure Spinor Description of Abelian Supersymmetric Born-Infeld
In this section, we review the construction of the pure spinor action for supersymmetric abelian Born-Infeld and deduce the equations of motion on minimal pure spinor superspace to first order in the coupling.
Physical operators
In order to deform the quadratic super-Maxwell action to the supersymmetric BornInfeld action, Cederwall introduced the ghost number -1 pure spinor operators [7] 
where ∆ m is defined by
These operators are constructed to satisfy
which mimic the superspace equations of motion of D = 10 Super-Maxwell
If one acts with these operators on Ψ 0 , they satisfŷ
up to BRST-exact terms and certain "shift-symmetry terms" defined in [6, 7] . For example, the operatorÂ µ acts asÂ
where the shift symmetry is δA µ = (λγ m ) µ φ m for any φ m . ForÂ m one finds that
where the on-shell relation D (µ A ν) = −(γ m ) µν A m has been used, δA m = (λγ m ) µ ρ µ is the shift symmetry, and
Analogously, one can show a similar behavior for the other operatorsχ µ ,F mn .
D = 10 Abelian supersymmetric Born-Infeld
The deformation to the linearized action (2.4) consistent with BRST symmetry is given by [7] 
which is invariant under the BRST transformation
for any ghost number 0 pure spinor superfield Λ. Note that k is a dimensionful parameter related to the string tension by k = α 2 . The equation of motion coming from (3.9) is
which can be written in terms of ∆ m as follows
Since the equation of motion of (3.12) for Ψ depends explicitly on the non-minimal variables, it is not obvious how to extract from Ψ the Born-Infeld superfieldÃ µ (x, θ) which should be independent of the non-minimal variables. However, it will now be argued that there is a unique decomposition of the solution to (3.12) as
whereÃ µ (x, θ) is the on-shell Born-Infeld superfield and Λ depends onÃ µ and on the nonminimal variables. This will be explicitly shown here to the leading Born-Infeld correction to super-Maxwell, and work is in progress on extending this to the complete Born-Infeld solution. As mentioned in footnote 1, a similar procedure was used in [8] for the abelian and non-abelian Born-Infeld solutions.
To extract this leading-order correction to super-Maxwell from (3.12), we will first expand the pure spinor superfield Ψ in positive powers of k:
The replacement of (3.14) in (3.12) gives us the following recursive relations QΨ 0 = 0 (3.15)
. . .
To determine Λ in (3.13), first note that (3.15) has the solution Ψ 0 = λ µ A 0 µ where A 0 µ is the super-Maxwell superfield which is independent of the non-minimal variables. However, the solution Ψ 1 to (3.16) must depend on the non-minimal variables because the right-hand side of (3.16) depends on these variables. To decompose the solution Ψ 1 to the form 18) note that (3.16) implies
Since any BRST-closed expression can be expressed in terms of minimal variables up to a BRST-trivial term, there must exist a term Λ such that
where F (Ψ 0 ) is independent of non-minimal variables. This equation determines Λ and F (Ψ 0 ) up to the shift
where H(Ψ 0 ) only depends on the minimal variables. But the BRST-trivial shift 
whereξ µ is an operator depending on N mn , D µ , etc. Although it is not complicated to determineξ µ , this will not be relevant for our purposes as we will see later. Using the on-shell relation
The first term H 1 = − 1 8(λλ) 2 (λγ mnp r)(λγ m χ)(λγ n χ)(λγ p χ) will provide us the term independent of non-minimal variables:
where the identity (A.4) was used. Analogous computations show us that the other terms are Q-exact: Hence, one obtains
where Λ is defined by the expression
Now, let us define the fieldΨ = Ψ 0 + k(Ψ 1 − Λ) which satisfies to first order in k the equation of motion
where F mn , χ µ are the usual super-Maxwell superfields constructed from A 0 µ . Since the equation (3.31) does not involve non-minimal variables, the solution is
This equation of motion coincides, at first order in k, with the abelian supersymmetric Born-Infeld equations of motion [14] [15] [16] . So it has been shown to first order in k that
whereÃ µ (x, θ) is the on-shell Born-Infeld superfield and Λ depends on A 0 µ and on the non-minimal variables.
Eleven-Dimensional Pure Spinor Superparticle and Supergravity
In this section we review the eleven-dimensional pure spinor superparticle and its connection with linearized eleven-dimensional supergravity.
D = 11 Pure spinor superparticle
The eleven-dimensional pure spinor superparticle action is given by [3, 17] 
where X m is an eleven-dimensional coordinate, θ µ is an eleven-dimensional Majorana spinor, Z M = (X m , θ µ ), λ α is a bosonic eleven-dimensional Majorana spinor satisfying λΓ a λ = 0; P m , P µ , w α are the conjugate momenta relative to X m , θ µ , λ α respectively, and Ω M β α is the spin connection of the background. We are using Greek/Latin letters from the beginning of the alphabet to denote tangent-space eleven-dimensional spinor/vector indices, and Greek/Latin letters from the middle of the alphabet to denote coordinate-space eleven-dimensional spinor/vector indices. Furthermore, capital letters from the beginning of the alphabet will denote tangent-space indices (both spinor and vector) and capital letters from the middle of the alphabet will denote coordinate-space indices (both spinor and vector). Finally, (Γ a ) αβ and (Γ a ) βδ are 32 × 32 symmetric matrices satisfying
In a flat Minkowski background, d α = P α − (Γ m θ) α P m are the fermionic constraints of the D = 11 Brink-Schwarz-like superparticle. The physical spectrum is defined as the cohomology of the BRST operator Q 0 . One can show that the eleven-dimensional linearized supergravity physical fields are described by ghost number three states: Ψ = λ α λ β λ δ C αβδ [3] where the physical state condition imposes the following equations of motion and gauge transformations for C αβδ
for some superfield Λ βδ . These are the superspace constraints describing eleven-dimensional linearized supergravity [18] . It can be shown that the remaining non-trivial cohomology is found at ghost number 0, 1, 2, 4, 5, 6 and 7 states; describing the ghosts, antifields and antighosts as dictated by BV quantization of D = 11 linearized supergravity.
D = 11 Linearized Supergravity
In order to describe D = 11 linearized supergravity (4.4) from a pure spinor action principle, one should introduce eleven-dimensional non-minimal pure spinor variables [6] . These non-minimal variables were studied in detail in [19, 20] and consist of a pure spinor λ α satisfyingλΓ aλ = 0, a fermionic spinor r α satisfyingλΓ a r = 0 and their respective conjugate momentaw α , s α . The non-minimal BRST operator is defined as Q = Q 0 + r αw α , so that these non-minimal variables will not affect the BRST cohomology.
Let S LSG be the following pure spinor action
where were defined in [20] . They are symmetric and gamma-traceless in (α 1 , . . . , α 7 ) and are antisymmetric in [β 1 , . . . , β 23 ]. N is a regularization factor which is given by N = e −λλ−rθ . Since the measure converges as λ 16λ23 when λ → 0, the action is well-defined if the integrand diverges slower than λ −16λ−23 .
One can easily see that the equation of motion following from (4.5) is given by
and since the measure factor [dZ] picks out the top cohomology of the eleven-dimensional pure spinor BRST operator, the transformation δΨ = QΛ is a symmetry of the action (4.5), that is a gauge symmetry of the theory. Therefore, (4.5) describes D = 11 linearized supergravity.
Pure Spinor Description of Complete D = 11 Supergravity
As discussed in [5, 6] , the pure spinor BRST-invariant action for complete D = 11 supergravity is given by
which is invariant under the BRST symmetry
for any ghost number 2 pure spinor superfield Λ. Here κ is the gravitational coupling constant, and R a and T are ghost number -2 and -3 operators respectively, defined by the relations [5, 20 ]
and η ≡ (λΓ ab λ)(λΓ abλ ). Note that the action is invariant under the shift symmetry δR a = (λΓ a O) for any operator O.
The equation of motion coming from the action (5.1) is
To compare with the linearized equations, it is convenient to rescale Ψ → κΨ so that κ drops out of the quadratic term in the action, and the e.o.m. takes the form
In order to find the superspace equations of motion, we expand the pure spinor superfield Ψ in positive powers of κ
where Ψ 0 is the linearized solution satisfying QΨ 0 = 0, which describes linearized 11D supergravity. The recursive relations that one finds from equation (5.6) are:
The procedure will now be the same as that applied to the Born-Infeld case: We will first write the non-minimal contribution to (5.9) as a BRST-exact term QΛ. We will then define a new superfieldΨ = Ψ−Λ, which will satisfy the equation QΨ = G(Ψ 0 ) where G(Ψ 0 ) is independent of non-minimal variables. We will finally identifyC αβγ = C 0 αβγ + κC 1 αβγ inΨ = λ α λ β λ γC αβγ as the first-order correction to the linearized D=11 superfield.
To find Λ and G(Ψ 0 ), the first step will be to write R a Ψ 0 in terms of a superfield Φ a (x, θ, λ) depending only on minimal variables as
where λΓ a O is the shift symmetry of R a . To linearized order in the supergravity deformation of the background, the superfield Φ a can be expressed in terms of the super-vielbein E A P and its inverse E P A as
where E A P and E P A have been expanded around their background valuesÊ A P andÊ P A as E A P =Ê A P + κE
For example, if one is expanding around the Minkowski space background,
(0)a P = 0, so one can also express Φ a to linearized order in the deformation as
Since all of the supergravity fields are contained in Ψ 0 , one should be able to describe Φ in terms of Ψ 0 . As discussed in [20] , this relation is given by (5.10) and it will be explicitly shown in Appendix C that
Plugging eq. (5.10) in (5.9) implies that 15) which implies that
Hence one can define the superfieldΨ:
which will satisfy the following e.o.m at linear order in κ
which implies
whereΨ = λ α λ β λ δC αβδ . This equation of motion (5.19) will now be shown to coincide with the D = 11 supergravity equations of motion at first order in κ. The non-linear D = 11 supergravity equations of motion can be expressed using pure spinors as
where we use the standard transformation rule from curved to tangent-space indices for the 4-form superfield strength:
and
. Furthermore, (5.21) implies that one can choose conventional constraints (by appropriately defining C αβa and C αab ) so that
This is expected since there are no physical supergravity fields with the dimensions of H αβγδ , H αβγa and H αβab .
To perform an expansion in κ and compare with (5.19), definê
where ... denotes terms higher-order in κ. Since 
A D = 10 gamma matrix identities
In D = 10 dimensions, one has chiral and antichiral spinors which have been denoted here by χ µ and χ µ respectively. The product of two spinors can be decomposed into two forms depending on the chiralities of the spinors used:
The 1-form and 5-form are symmetric, and the 3-form is antisymmetric. Furthermore, it is true that (γ mn )
Two particularly useful identities are:
From A.4 we can deduce the following:
B D = 11 gamma matrix identities
In D = 11 dimensions, one has Majorana spinors and an antisymmetric tensor C αβ (and its inverse) which can be used to raise and lower spinor indices. The product of two spinors can be decomposed into the form
The 1-form, 2-form and 5-form are symmetric; and the 0-form, 3-form and 4-form are antisymmetric.
The crucial identity in eleven dimensions is
One can find analogous formulae to (A.4)-(A.8) for D = 11 dimensions. However, they do not enter into any computations of this paper, therefore we will not list them.
From (B.2) and the pure spinor constraint, one can find the following useful pure spinor identities
If a is a shift-symmetry index, there exists a very useful identity which states the following
This can be easily seen from the following argument. Eqn. (B.2) implies the relation
which can be rewritten in the more convenient form allows us to compute the action of R a on Ψ 0 in the form displayed in (5.10). To see this, it will be useful to express R a in the more convenient way [ Notice that in order for the normalization factor of Φ a to be one after applying R a on Ψ, one should choose the conventions used for R a in (5.3) and those displayed in (C.2).
